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We consider smooth stochastic convex optimization problems in the context of algorithms which are
based on directional derivatives of the objective function. This context can be considered as an interme-
diate one between derivative-free optimization and gradient-based optimization. We assume that at any
given point and for any given direction, a stochastic approximation for the directional derivative of the
objective function at this point and in this direction is available with some additive noise. The noise is
assumed to be of an unknown nature, but bounded in the absolute value. We underline that we con-
sider directional derivatives in any direction, as opposed to coordinate descent methods which use only
derivatives in coordinate directions. For this setting, we propose a non-accelerated and an accelerated
directional derivative method and provide their complexity bounds. Our non-accelerated algorithm has
a complexity bound which is similar to the gradient-based algorithm, that is, without any dimension-
dependent factor. Our accelerated algorithm has a complexity bound which coincides with the complexity
bound of the accelerated gradient-based algorithm up to a factor of square root of the problem dimen-
sion. We extend these results to strongly convex problems.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Zero-order or derivative-free optimization considers problems
of minimization of a function using only, possibly noisy, observa-
tions of its values. This area of optimization has a long history,
starting as early as in 1960 (Rosenbrock, 1960; Fabian, 1967), see
also (Brent, 1973; Spall, 2003; Conn, Scheinberg, and Vicente,
2009). Even an older area of optimization, which started in 19th
century Cauchy (1847), considers first-order methods which use
the information about the gradient of the objective function. In
this paper, we choose an intermediate class of problems. Namely,
we assume that at any given point and for any given direction,
a noisy stochastic approximation for the directional derivative of
the objective function at this point in this direction is available.
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We underline that we consider directional derivatives in any
direction, as opposed to coordinate descent methods which rely
only on derivatives in coordinate directions. We refer to the class
of optimization methods, which use directional derivatives of the
objective function, as directional derivative methods. Unlike well
developed areas of derivative-free and first-order stochastic opti-
mization methods, the area of directional derivative optimization
methods for stochastic optimization problems is not sufficiently
covered in the literature. This class of optimization methods can
be motivated by at least three situations.

The first one is connected to Automatic Differentiation Wengert
(1964). Assume that the objective function is given as a computer
program, which performs elementary arithmetic operations and el-
ementary functions evaluations. Automatic Differentiation allows
to calculate the gradient of this objective function and the addi-
tional computational cost is no more than five times larger than
the cost of the evaluation of the objective value. The drawback of
this approach is that it requires to store in memory the result of
all the intermediate operations, which can require large memory
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amount. On the contrary, calculation of the directional derivative
is easier than the calculation of the full gradient and requires the
same memory amount as the calculation of the value of the objec-
tive Kim, Nesterov, Skokov, and Cherkasskii (1984). Since a random
vector can be a part of the program input or some randomness
can be used during the program execution, stochastic optimization
problems can also be considered.

Importantly, automatic calculation of the directional derivative
does not require the objective function to be smooth. This fact mo-
tivates the study of directional derivative methods in connection to
Deep Learning. Indeed, learning problem is often stated as a prob-
lem of minimization of a loss function. A non-smooth activation
function, called rectifier, is frequently used in Deep Learning as a
building block for the loss function. Formally speaking, this non-
smoothness does not allow to use Automatic Differentiation in the
form of backpropagation to calculate the gradient of the objective
function. At the same time, directional derivatives can be calcu-
lated by properly modified backpropagation.

The second motivating situation is connected to quasi-
variational inequalities, which are used in modelling of differ-
ent phenomena, such as sandpile formation and growth Prigozhin
(1996), determination of lakes and river networks Barrett and
Prigozhin (2014), and superconductivity Barrett and Prigozhin
(2010). It happens that directional derivatives can be calculated
for such problems Mordukhovich and Outrata (2007) as a solution
to some auxiliary problem. Since this subproblem can not always
be solved exactly, the noise in the directional derivative naturally
arises. If the considered physical phenomenon takes place in some
random media, stochastic optimization can be a natural approach
to use.

The third motivating situation is connected to derivative-free
stochastic optimization. In this situation a gradient approximation,
based on the difference of stochastic approximations for the val-
ues of the objective in two close points, can be considered as a
noisy directional derivative in the direction given by the difference
of these two points Dvurechensky, Gasnikov, and Tiurin (2017). In
this case, derivative-free stochastic optimization can be considered
as a particular case of directional derivative stochastic optimiza-
tion.

Motivated by potential presence of non-stochastic noise in the
problem, we assume that the noise in the directional derivative
consists of two parts. Similar to stochastic optimization problems,
the first part is of a stochastic nature. On the opposite, the second
part is an additive noise of an unknown nature, but bounded in
the absolute value. More precisely, we consider the following opti-
mization problem

min { £ = BelF (x.§)] = [ Fex6)ap(o}. (1)

where £ is a random vector with probability distribution P(§),
& e X, and for P-almost every & € X, the function F(x, ) is closed
and convex. Moreover, we assume that, for P almost every &,
the function F(x, &) has gradient g(x, &), which is L(&)-Lipschitz
continuous with respect to the Euclidean norm and there exists
Ly, >0 such that ,/IE;L(&‘)2 < Ly < 4+o00. Under this assumptions,
Egg(x,§) = Vf(x) and f has L,-Lipschitz continuous gradient with
respect to the Euclidean norm. Also we assume that

Eelllg(x. &) - V@51 < o2, (2)
where || - ||, is the Euclidean norm.

Finally, we assume that an optimization procedure, given a
point x € R", direction e<S,(1) and & independently drawn from
P, can obtain a noisy stochastic approximation f’(x,&,e) for the
directional derivative (g(x, &), e):

fr(x§.e)=(gx.§).e) +{(x.§.e) +n(x.§ e),
Ee (S (x.£,0))* < Ar, Vx e R", Ve € S;(1),

In(x, &, e)| <Ay, VxeR", VeeS,(1), as. in &, 3)

where S,(1) is the Euclidean sphere or radius one with the center
at the point zero and the values A, A, are controlled and can be
made as small as it is desired. Note that we use the smoothness of
F(-, &) to write the directional derivative as (g(x, &), e), but we do
not assume that the whole stochastic gradient g(x, &) is available.
It is well-known (Lan, 2012; Devolder, 2011; Dvurechensky
and Gasnikov, 2016; Gasnikov and Dvurechensky, 2016) that, if
the stochastic approximation g(x, &) for the gradient of f is
available, an accelerated gradient method has complexity bound

O(max {,/Lz/s, 0‘2/82}), where ¢ is the target optimization error.

The question, to which we give a positive answer in this paper, is
as follows.

Is it possible to solve a smooth stochastic optimization problem
with the same e-dependence in the complexity and only noisy ob-
servations of the directional derivative?

1.1. Related work

We first consider the related work on directional derivative op-
timization methods and, then, a closely related class of derivative-
free methods with two-point feedback, the latter meaning that an
optimization method uses two function value evaluations on each
iteration. Since all the considered methods are randomized, we
compare oracle complexity bounds in terms of expectation, that is,
a number of directional derivatives or function values evaluations
which is sufficient to achieve an error € in the expected optimiza-
tion error Ef(X) — f*, where % is the output of an algorithm and f*
is the optimal value of f.

1.1.1. Directional derivative methods

Deterministic smooth optimization problems. In Nesterov and
Spokoiny (2017), the authors consider the Euclidean case and
propose a non-accelerated and an accelerated directional deriva-
tive method for smooth convex problems with complexity
bounds O(nL,/e¢) and O(n./L,/e) respectively. Also they pro-
pose a non-accelerated and an accelerated method for problems
with p-strongly convex objective and prove complexity bounds
O(nLy/ulogy(1/e)) and O(n./Ly/wlog,(1/¢)) respectively. For a
more general case of problems with additional bounded noise in
directional derivatives, but also for the Euclidean case, an acceler-
ated directional derivative method was proposed in Dvurechensky
et al. (2017) and a bound O(n,/L,/¢) was proved.

We also should mention coordinate descent methods. In the
seminal paper Nesterov (2012), a random coordinate descent for
smooth convex and p-strongly convex optimization problems were
proposed and O(L/e) and O(L/ulog,(1/e)) complexity bounds were
proved, where L is an effective Lipschitz constant of the gradi-
ent varying from n to some average over coordinates coordinate-
wise Lipschitz constant. In the same paper, an accelerated ver-
sion of random coordinate descent was proposed for convex prob-
lems and O(n\/ﬁ) complexity bound was proved. Papers (Fercoq
& Richtarik, 2015; Lee & Sidford, 2013; Lin, Lu, & Xiao, 2014;
Shalev-Shwartz & Zhang, 2014) generalize accelerated random co-
ordinate descent for different settings, including w-strongly convex
problems, and (Allen-Zhu, Qu, Richtarik, & Yuan, 2016; Gasnikov,
Dvurechensky, & Usmanova, 2016a; Nesterov & Stich, 2017) provide
a O(\/LTe) and O(,/L/ulog,(1/¢)) complexity bounds, where L is
an effective Lipschitz constant of the gradient varying from n to
some average over coordinates coordinate-wise Lipschitz constant,
and, in the best case, is dimension-independent. An accelerated
random coordinate descent with inexact coordinate-wise deriva-
tives was proposed in Dvurechensky et al. (2017) with O(n\/LTs)
complexity bound and also a unified view on directional derivative
methods, coordinate descent and derivative-free methods.
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Stochastic optimization problems. A directional derivative method
for non-smooth stochastic convex optimization problems was in-
troduced in Nesterov and Spokoiny (2017) with a complexity
bound O(n%/s?). A random coordinate descent method for non-
smooth stochastic convex and p- strongly convex optimization
problems were introduced in Dang and Lan (2015) with complexity
bounds O(n/s2) and O(n/ue) respectively.

1.1.2. Derivative-free methods

Deterministic smooth optimization problems. A non-accelerated
and an accelerated derivative-free method for this type of prob-
lems were proposed in Nesterov and Spokoiny (2017) for the Eu-
clidean case with the bounds O(nL,/¢) and O(n,/L,/¢) respec-
tively. The same paper proposed a non-accelerated and an accel-
erated method for w-strongly convex problems with complexity
bounds O(nL,/ulog,(1/e)) and O(n,/Ly/wlog,(1/€)) respectively.
A non-accelerated derivative-free method for deterministic prob-
lems with additional bounded noise in function values was pro-
posed in Bogolubsky et al. (2016) together with O(nL,/e) bound
and application to learning parameter of a parametric PageRank
model, see also (Gasnikov, Gasnikova, Dvurechensky, Mohammed,
and Chernousova, 2017a; Gasnikov et al., 2018). Deterministic prob-
lems with additional bounded noise in function values were also
considered in Dvurechensky et al. (2017), where several accel-
erated derivative-free methods, including Derivative-Free Block-
Coordinate Descent, were proposed and a bound O(n\/LTe) was
proved, where L depends on the method and, in some sense, char-
acterizes the average over blocks of coordinates Lipschitz constant
of the derivative in the block. Mixed first-order/zero-order setting
is considered in Beznosikov, Gorbunov, and Gasnikov (2020a). Af-
ter our paper appeared as a preprint, the papers Berahas, Byrd, and
Nocedal (2019a); Bollapragada and Wild (2019) studied derivative-
free quasi-Newton methods for problems with noisy function val-
ues, and the paper Berahas, Cao, Choromanski, and Scheinberg
(2019b) reported theoretical and empirical comparison of different
gradient approximations for zero-order methods.

Stochastic optimization problems. Most of the authors in this
group solve a more general problem of bandit convex optimiza-
tion and obtain bounds on the so-called regret. It is well known
Cesa-bianchi, Conconi, and Gentile (2002) that a bound on the
regret can be converted to a bound on the expected optimiza-
tion error. Non-smooth stochastic optimization problems were
considered in Nesterov and Spokoiny (2017), where an O(n2/e2)
complexity bound was proved for a derivative-free method. This
bound was improved by (Duchi, Jordan, Wainwright, and Wibisono,
2015; Gasnikov, Lagunovskaya, Usmanova, and Fedorenko, 2016b;
Gasnikov, Krymova, Lagunovskaya, Usmanova, and Fedorenko,
2017b; Shamir, 2017; Bayandina, Gasnikov, and Lagunovskaya,
2018b; Hu, LA., Gyrgy, and Szepesvari, 2016) to! (N)(nz/qR%,/ez),
where pe{1, 2}, %+1 =1 and R, is the radius of the feasi-
ble set in the p-norm || ||p. For non-smooth pp,-strongly convex
W.L.t. to p-norm problems, the authors of Bayandina et al. (2018b);
Gasnikov et al. (2017b) proved a bound 5(n2/q/(;¢p£)). A version of
these methods for non-smooth saddle-point problems is developed
in Beznosikov, Sadiev, and Gasnikov (2020b).

Intermediate, partially smooth problems with a restrictive as-
sumption of boundedness of E |g(x,£)||2, were considered in
Duchi et al. (2015), where it was proved that a proper modifica-
tion of Mirror Descent algorithm with derivative-free approxima-
tion of the gradient gives a bound O(n%9R%/e?) for convex prob-
lems, improving upon the bound O(n?/s2) of Agarwal, Dekel, and
Xiao (2010). For strongly convex w.r.t 2-norm problems, the au-
thors of Agarwal et al. (2010) obtained a bound O(n?/¢), which

1 0 hides polylogarithmic factors (Inn)¢, ¢> 0.

was later extended for up-strongly convex problems and improved
to O(n?9/(jpe)) in Gasnikov et al. (2017b).

In the fully smooth case, without the assumption that
Ellg(x,&)||? < 4+o0, papers Ghadimi and Lan (2013); Ghadimi, Lan,
and Zhang (2016) proposed a derivative-free algorithm for the Eu-
clidean case with the bound

- 2
O(max { nLZRZ, ni})
e e

In Gorbunov, Dvurechensky, and Gasnikov (2018), the authors pro-
posed a non-accelerated and an accelerated derivative-free method
with the bounds

2 2 ,
~ TL,R2 nio?R? - 2 n2o2R2
O max ] 2% 5 L) G max {nitd %’nqa P
& g2 s =2

respectively, where R, characterizes the distance in p-norm be-
tween the starting point of the algorithm and a solution to (1),
;:e {11, 2} and q {2, oo} is the conjugate to p, given by the identity
s+eo=1

qule authors of Chen, Orvieto, and Lucchi (2020) combine ac-
celerated derivative-free optimization with accelerated variance re-
duction technique for finite-sum convex problems in the Euclidean
setup.

Other works. For a recent review of derivative-free optimiza-
tion see Larson, Menickelly, and Wild (2019) and for a review of
stochastic optimization, including derivative-free optimization, see
Powell (2019).

1.2. Our contributions

As we have seen above, only two results on directional deriva-
tive methods for non-smooth stochastic convex optimization are
available in the literature, and, to the best of our knowledge,
nothing is known about directional derivative methods for smooth
stochastic convex optimization, even in the well-developed area of
random coordinate descent methods. Our main contribution con-
sists in closing this gap in the theory of directional derivative
methods for stochastic optimization and considering even more
general setting with additional noise of an unknown nature in the
directional derivative.

Our methods are based on two proximal setups Ben-Tal and Ne-
mirovski (2015) characterized by the value? p {1, 2} and its con-
jugate qe{2, oo}, given by the identity % + i =1. The case p=1
corresponds to the choice of 1-norm in R"™ and corresponding
prox-function which is strongly convex with respect to this norm
(we provide the details below). The case p =2 corresponds to the
choice of the Euclidean 2-norm in R" and squared Euclidean norm
as the prox-function. As our main contribution, we propose an Ac-
celerated Randomized Directional Derivative (ARDD) algorithm for
smooth stochastic optimization based on noisy observations of di-
rectional derivative of the objective. Our method has the complex-
ity bound

2
2 n2s2p2
~ 1.1 LzR nio“R
O max yn2ta /=P, ——F 1 ), (4)
£ g2

where Ry characterizes the distance in p-norm between the start-
ing point of the algorithm and a solution to (1).

As our second contribution, we propose a non-accelerated Ran-
domized Directional Derivative (RDD) algorithm with the complex-

2 Strictly speaking, we are able to consider all the intermediate cases pe[1, 2],
but we are not aware of any proximal setup which is compatible with p ¢{1, 2}
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ity bound Special note on (Gorbunov et al., 2018; Vorontsova, Gasnikov,
2o 2 oo Gorbunov, and Dvurechenskii, 2019). One of the novelties and in-
ol max nilaR; nio°Ry (5) sights in the approach of this paper in comparison to (Gorbunov
e g2 et al., 2018; Vorontsova et al, 2019) is to realize that gradient-

Interestingly, for this method when p=1 and g = co, we obtain
complexity bound which depends on the dimension n only loga-
rithmically despite we use only noisy directional derivative obser-
vations. Let us comment on the comparison between the acceler-
ated and non-accelerated method. In the regime of small variance
o2 in both bounds the dominating term is the first one. If p=
1, g =0 and LZR%, < ne, then the bound for the non-accelerated
method is smaller than that of for the accelerated. In this regime
it is preferred to use the non-accelerated method.

Note that, in the case of (1) having a sparse solution, our
bounds for p=1 allow to gain a factor of /n in the complex-
ity of the accelerated method and a factor of n in the com-
plexity of the non-accelerated method in comparison to the Eu-
clidean case p = 2. Indeed, sparsity of a solution x* means that
Ix*|l1 = O0(1) - ||x*||> and, if the starting point is zero, we obtain
R2 =||x*||2 =0(1) - |Ix*||3 = O(1)R3. Hence, the bounds for p=1
and p = 2 can be compared only based on the corresponding pow-
ers of n, the latter being smaller for the case p=1, q = cc.

We underline here that our methods are based on random di-
rections drawn from the uniform distribution on the unit Euclidean
sphere and our results for p=1 can not be obtained by random
coordinate descent.

As our third contribution, we extend the above results to the
case when the objective function is additionally known to be tp-
strongly convex w.r.t. p-norm. For this case, we propose an accel-
erated and a non-accelerated algorithm which respectively have
complexity bounds

~ 2 nig?
O max {nz+a /L—zlogz MPR”, o1y,
Mp € MpE

2 2

N : R2 nio?

O( max nil, log, Hp p 70 . (6)
M“p & Wp€&

In the regime of small variance o2 in both bounds the dominating
term is the first one. If p=1, ¢ = co and ,LTZp < n, then the bound
for the non-accelerated method is smaller than that of for the ac-
celerated. In this regime of relatively well-conditioned problems it
is preferred to use the non-accelerated method.

As our final contribution, we consider derivative-free smooth
stochastic convex optimization with inexact values of the stochas-
tic approximations for the function values as a particular case
of optimization using noisy directional derivatives. This allows us
to obtain the complexity bounds of Gorbunov et al. (2018) as a
straightforward corollary of our results in this paper. At the same
time we obtain new complexity bounds for the strongly convex
case which, to the best of our knowledge, were not known in the
literature.

Note that our results for accelerated and non-accelerated meth-
ods are somewhat similar to the finite-sum minimization problems
of the form

m
min (%),
mip Y09

where f; are convex smooth functions. For such problems acceler-
ated methods have complexity o(m + /mL/¢e) and non-accelerated
methods have complexity 5(m +L/¢e) (see, e.g. Allen-Zhu, 2017 for
a nice review on the topic). As we see, acceleration allows to take
the square root of the second term but for the price of /m and
the two bounds can not be directly compared without additional
assumptions on the value of me.

free methods are a particular case of directional derivative meth-
ods with inexact oracle. Unlike these papers, in the current paper
we need to account for two types of inexactness. One is stochas-
tic with bounded second moment and the second is bounded a.s.
This is a more complicated assumption than the one in (Gorbunov
et al., 2018; Vorontsova et al., 2019) and we have to assume that
the error values can be controlled, unlike (Gorbunov et al., 2018;
Vorontsova et al., 2019). Moreover, since the oracle returns differ-
ent information, we have to construct our stochastic approximation
of the gradient differently, which also changes the proof technique.
We also analyze in this paper the case of strongly convex objective
values, which was not done in (Gorbunov et al., 2018; Vorontsova
et al,, 2019).

1.3. Paper organization

The rest of the paper is organized as follows. In Section 2, both
for convex and strongly convex problems, we introduce our algo-
rithms, state their convergence rate theorems and corresponding
complexity bounds. Section 3 is devoted to proof of the conver-
gence rate theorem for our accelerated method and convex objec-
tive functions. Section 4 is devoted to proof of the convergence
rate theorem for our non-accelerated method and convex objec-
tive functions. In Section 5 we provide the proofs for the case of
strongly convex objective function. Finally, in Section 6 we pro-
vide numerical experiments with two types of objective functions:
worst case functions for first-order methods Nesterov (2004) and
least squares problem.

2. Algorithms and main results

In this section, we provide our non-accelerated and accelerated
directional derivative methods both for convex and strongly convex
problems together with convergence theorems and corresponding
complexity bounds. The proofs are rather technical and postponed
to next sections.

2.1. Preliminaries

We start by introducing necessary objects and technical results.
Proximal setup. Let pe[1, 2] and ||x||, be the p-norm in R"
defined as

n
IXIE =3P, xeR,
i=1

|- llq be its dual, defined by ||gllq = mxax{(g, x), lIxllp < 1}, where

qe[2, oo] is the conjugate number to p, given by § + 1 =1, and,
for q = oo, by definition ||x||« = 'n11ax |x;].
1= n

We choose a prox-function d(x) which is continuous, convex
on R" and is 1-strongly convex on R™ with respect to || - ||, ie.,
for any x,y e R" d(y) —d(x) — (Vd(x),y —x) > %Hy —x||%). With-
out loss of generality, we assume that )r(lgﬂigrnld(x) =0. We define
also the corresponding Bregman divergence V[z](x) = d(x) —d(z) —
(Vd(z),x —z), x,z € R". Note that, by the strong convexity of d,

Viz](x) = %le—zllz, X,ZeR" (7)

For the case p =1, we choose the following prox-function Ben-Tal

and Nemirovski (2015)

enk-D@=K)/K |nn
2

/<=1—i—L (8)

d(x) = Inn

2
Il
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and, for the case p =2, we choose the prox-function to be the
squared Euclidean norm

4o = I3 (©)

Main technical lemma. In our proofs of complexity bounds, we rely
on the following lemma. The proof is rather technical and is pro-
vided in the appendix.

Lemma 1. Let e € RS,(1), i.e be a random vector uniformly distributed
on the surface of the unit Euclidean sphere in R", pe|[1, 2] and q
be given by % + % = 1. Then, for n>8 and p, = min{q— 1, 16lnn —

8}n”l,
Eellells < on, (10)

6
Ee((s. )2lellZ) = 22|13,

Stochastic approximation of the gradient. Based on the noisy
stochastic observations (3) of the directional derivative, we form
the following stochastic approximation of Vf{x)

Vs e R". (11)

V0 = LY Fg e (12)
i=1

where eeRS,(1), &;,i=1,..., m are independent realizations of &,
m is the batch size.

2.2. Algorithms and main results for convex problems

Our Accelerated Randomized Directional Derivative (ARDD)
method is listed as Algorithm 1.

Algorithm 1  Accelerated Randomized Directional Derivative

(ARDD) method.

Input: xy—starting point; N >
batch size.

Output: point yy.

1: Yo < Xg, Zg < Xp.

2: fork=0,...,N-1.do

3 O = 96:;;@2’ T < 48ak+11n2an2 =7

4:  Generate e, € RS;(1) independently from previous itera-

tions and &;, i =1,...,m - independent realizations of &.
5. Calculate

1— number of iterations; m > 1—

~ 1M~
VR (Rie) = > F i Eiede.
i=1
6:  Xppr < Tz + (1= )Yk
7 Vi1 < X1 — ;Tzvmf(xkﬂ)-
8 Zgq < argmin {oea (VM f i), 2= 2) + VIZld @)}
zeR

9: end for
10: return yy

Theorem 1. Let ARDD method be applied to solve problem (1). Then

3840,n2p,L; 4N o2 6IN 122N
_ ) < 3840l AN o® | BIN 122N o
B W] - f00) < TR P2 o 8 I A+ St A
2
12/2n0, [ \/A; 2 /A
+ VPV E LA, N"_(vV2¢ on,) .
N2 2 T e, |2
(13)

where ©, =V|[zp](x*) is defined by the chosen proximal setup and

EL1=Be, ey ey 1 bnml )

Before we proceed to the non-accelerated method, we give the
appropriate choice of the ARDD method parameters N, m, and ac-
curacy of the directional derivative evaluation A,, A;. These val-
ues are chosen such that the r.h.s. of (13) is smaller than ¢. For
simplicity we omit numerical constants and summarize the ob-
tained values of the algorithm parameters in Table 1 below. The
last row represents the total number Nm of oracle calls, that is, the
number of directional derivative evaluations, which was advertised
in (4). Note that the bound (13) allows also to choose the accuracy
of the directional derivative evaluation A, A, decreasing with N.
This is done by making each term with A, or A, in the rhs. to
be of the same order as the first term.

Our Randomized Directional Derivative (RDD) method is listed
as Algorithm 2.

Algorithm 2 Randomized Directional Derivative (RDD) method.
Input: xy—starting point; N >
batch size.
Qutput: point Xy.
1: for k=0, ...,
2: o <«

1— number of iterations; m > 1—

N-1.do
1
48npnpl; *
3:  Generate ey, ; € RS;(1) independently from previous itera-
tions and &;, i =1,...,m - independent realizations of &.
4:  Calculate

%mf(xk) = % Z f’(Xk, S,‘, e)e.
i=1

5 Xy <—argmnm {an(me(xk) X = X) + VIx ] (0}
XeR!
6: end for
) N-1
7. return Xy < § Y X,

Theorem 2. Let RDD method be applied to solve problem (1). Then

- 384np,[,0, 2 o? n an .,
E[f(xn)] = f(x.) < N + Lm + 57 120, Ap + EA"
2
2n0, (/A VA
+ 71\] ( 5 +2A ) 3L (2 +2A, ), (14)

where ©, = V[zy](x*) is defined by the chosen proximal setup and
EL]=Ee, . en.tyoiuml )

Before we proceed, we give the appropriate choice of the RDD
method parameters N, m, and accuracy of the directional derivative
evaluation A;, Ay. These values are chosen such that the r.h.s. of
(14) is smaller than &. For simplicity we omit numerical constants
and summarize the obtained values of the algorithm parameters in
Table 2 below. The last row represents the total number Nm of or-
acle calls, that is, the number of directional derivative evaluations,
which was advertised in (5). Note that the bound (14) allows also
to choose the accuracy of the directional derivative evaluation A,
Ay decreasing with N. This is done by making each term with A,
or Ay in the r.hs. to be of the same order as the first term.

2.3. Extensions for strongly convex problems

In this section, we assume additionally that f is up-strongly
convex w.r.t. p-norm. Our algorithms and proofs rely on the fol-
lowing fact. Let x« be some fixed point and x be a random point
such that Ey[[|x — x.[2] <R3, then

— Xy Qp
Exd( R, )g -5 (15)
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Table 1
Algorithm 1 parameters for the cases p=1 and p = 2.
p=2
o (L6
N O( n nan()|) O( n L;();)
m O(max & }) O(max{l,;’}% O—j])
3
A O(mm{n(lnn e %]) O(min[n?’L%@Z o e %])
. 3 i L
A, o<m {flnan,/o F e /(7}> O(mm{nsz CHISTIE B 712})
0-le calls O(max{ ’”""LZ‘)l , m }) O(max{ L ”202” })

Table 2
Algorithm 2 parameters for the cases p=1 and p=2.
p=1 p=2
O(Lz(-)y lnn) O(”Lle")l)
Z ”2
o(max {1, 2. 1) o(max{1, 1)
A O(mm { 0?1260, &, ]) O(min {nI2©,, 5, 1)
o ot V) ofmmlnn v
0O-le calls O(max { L@ nn [;201 Inn }) O(max { na0; no’e; })
e &

where Ex denotes the expectation with respect to random vec-
tor x and €2, is defined as follows. For p=1 and our choice
of the prox-function (8), 2 = en®*~D@—)/¢ Inp = O(Inn) for our
choice of k =1+ ﬁ see Nemirovsky and Yudin (1983),Juditsky
and Nesterov (2014). For p=2 and our choice of the prox-
function (9), ©p=1. Our Accelerated Randomized Directional
Derivative method for strongly convex problems (ARDDsc) is listed
as Algorithm 3.

Algorithm 3  Accelerated Randomized Directional Derivative
method for strongly convex functions (ARDDsc).
Input: xo—starting point s.t. [|Xo — X.[|Z < R3; K >
erations; wp - strong convexity parameter.
Output: point ug.
8aL252p
Hp '

1: Set

No {

where a = 384n2 ;.
:for k=0 ,K—1do
Set

my = max{l, ’7

where b = 7.
X—U

Set dj (x) = Rid( . )
Run ARDD with starting point u; and prox-function d, (x) for
Ny steps with batch size my.
Set U g =Y, k=k+1.
end for
: return uy

1— number of it-

(16)

8bo2Ny2k

4A
. (
Lz,prRp

RY:=Rp2Fp—(1-27%),
HMp

(17)

Theorem 3. Let f in problem (1) be pp-strongly convex and ARDDsc
method be applied to solve this problem. Then

Ef(ug) — f* <

MRy 2K 1 2A. (18)

12,/2nR2Q)p

61N 122Ny A2 VA NG

where A = 24L° A+ 30 A + N2 ( 7 280 ) + T
/A , :

(TZ +2Ay ) . Moreover, under an appropriate choice of A, and

Ay s.t. 2A <¢/2, the oracle complexity to achieve g-accuracy of the

solution is

5<max{n;+5 L8, log,
Hp

Despite we have linear convergence in terms of the itera-
tions number, the number of the oracle evaluations corresponds
to sublinear convergence. The reason is that we consider general
stochastic optimization problem, rather than finite-sum problems
for which the linear convergence rate is achievable in terms of
the oracle evaluations Allen-Zhu (2017). Our oracle complexity cor-
responds to the lower complexity bounds Nemirovsky and Yudin
(1983) for general stochastic convex optimization.

Before we proceed to the non-accelerated method, we give the
appropriate choice of the accuracy of the directional derivative
evaluation A, A, for ARDDsc to achieve an accuracy ¢ of the so-
lution. These values are chosen such that the r.h.s. of (18) is smaller
than ¢. For simplicity we omit numerical constants and summarize
the obtained values of the algorithm parameters in Table 3 below.
The last row represents the total number of oracle calls, that is, the
number of directional derivative evaluations, which was stated in
(6).

Our Randomized Directional Derivative method for strongly
convex problems (RDDsc) is listed as Algorithm 4.

2
nio?Q
MpE

[4pRp
€

Theorem 4. Let f in problem (1) be wp,-strongly convex and RDDsc
method be applied to solve this problem. Then

2
Ef(ug) — f* < 5% . 2K L 2A, (21)
8./2nR2Q A
4 p>°p
where A = ﬁA{ + 3an Az N (F+2A ) oy (Q

+2A,,)2. Moreover, under an appropriate choice of A, and Ay s.t.
2A <¢[2, the oracle complexity to achieve e-accuracy of the solution

Please cite this article as: P. Dvurechensky, E. Gorbunov and A. Gasnikov, An accelerated directional derivative method for smooth
stochastic convex optimization, European Journal of Operational Research, https://doi.org/10.1016/j.ejor.2020.08.027



https://doi.org/10.1016/j.ejor.2020.08.027

JID: EOR

[m5G;September 4, 2020;11:53]

P. Dvurechensky, E. Gorbunov and A. Gasnikov/European Journal of Operational Research xxx (Xxxx) Xxx 7
Table 3
Algorithm 3 parameters for the cases p=1 and p= 2.
p= p=2
I ZLZQ nRe,
= (mm ‘ nfétfsz‘ ) - ofmin [e /i 2752 e )

Lyjtq Valnnl, /2
nlnnfh T R

A, (
(max{ /n lnnLZS'h log MR‘ . azﬁ:slnn ])

O-le calls

e
veJi) ofmi {{ I N )

Ol

H2€

(max

L;Qz log Msz no’Q, ])

Table 4

Algorithm 4 parameters for the cases p=1 and p = 2.

A, O(mm &,

O-le calls

2 (Inn)%13 m
nRZp? 0 % ngy

InnL
Ay O(mm{,/ sf“,;'”i‘, eg

~ 2
O(max L2§2| Inn 10g2 JRLS 17 o’y

ely 2 Nl M2
O(mm , € ’3 ron })

s
}) o(mm{{\/?~ g \/Tﬂz})

~ 2
) a2 52

Algorithm 4 Randomized Directional Derivative method for
strongly convex functions (RDDsc).

Input: xo—starting point s.t. || Xo — x.[|3 < R3; K > 1— number of it-
erations; pp - strong convexity parameter.

OQutput: point uy.

1: Set
No = 8(1[,291; ’ (19)
Kp
where a = 384np,.
2: for k=0 K—-1 do
3: Set
29k
m :=max {1, 8bo 22 . RE=R27%4 %(l -27%),
LZMpRp MKp
(20)
where b = 2
. —_ R24( X~k
& Set dy(x) _de( - )

5:  Run RDD with starting point u;, and prox-function d,(x) for
Ny steps with batch size m,.

6. Set g =Yny, k=k+1.

7: end for

8: return ug

DN

2 2 2
max nil, log, MpRp’anQp .
M“p & MUp€

Despite we have linear convergence in terms of the itera-
tions number, the number of the oracle evaluations corresponds
to sublinear convergence. The reason is that we consider general
stochastic optimization problem, rather than finite-sum problems
for which the linear convergence rate is achievable in terms of
the oracle evaluations Allen-Zhu (2017). Our oracle complexity cor-
responds to the lower complexity bounds Nemirovsky and Yudin
(1983) for general stochastic convex optimization.

Before we proceed, we give the appropriate choice of the ac-
curacy of the directional derivative evaluation A, A, for RDDsc
to achieve an accuracy & of the solution. These values are cho-
sen such that the r.h.s. of (21) is smaller than e. For simplicity we
omit numerical constants and summarize the obtained values of
the algorithm parameters in Table 4 below. The last row represents
the total number of oracle calls, that is, the number of directional
derivative evaluations, which was stated in (6).

2.4. Corollaries for derivative-free optimization

In this section, following Gorbunov et al. (2018), we consider
derivative-free smooth stochastic optimization in the two-point
feedback situation. We assume that an optimization procedure,
given a pair of points (x,y) eINR{Z”. can obtain a pair of noisy
stochastic realizations (f(x,&), f(y.£)) of the objective value f,
where

&) =F(x.£) + B(x.£). |B(X.£)| <A, VxeR", as. in &,

(22)

and £ is independently drawn from P.
Based on these observations of the objective value, we form the
following stochastic approximation of Vf(x)

Vmft(x) =

%if(x—’—teséf)_f(xﬂgi)e

‘ t
i=1

(g7 e 6. 0) + D (0. e) + (x5 €))
i=1

(23)

where eeRS,(1), &;, i=1, ..., m are independent realizations of &,
m is the batch size, t is some small positive parameter which we
call smoothing parameter, g" (x, &y) = % >ig(x &), and

F(x +te, &'t) —Fx&) (g(x. &), e),

N &, e) = “(“te’s"t)_ EX&) 4 m.

¢ (x.&.e)=

£), we have |7 (x, &, e)| < L&

242
for all x e R" and eeS,(1). Hence, ES(C(X,E,E))Z < LZTt for all
x e R" and ecS,(1). At the same time, from (22), we have that
In(x. & e)| <22 for all xeR", eeSy(1) and as. in 5 Applying

Theorem 1 and Theorem 2 with A; LTt and A, = T, we re-
produce respectively the result of Theorems 2 and 3 in Gorbunov
et al. (2018) Applying Theorems 3 and 4 with A, = L—t and

A; = =2, we obtain also complexity bounds (6) for derlvatlve free
smooth stochastlc strongly convex optimization, which was not yet
done in the literature.

By Lipschitz smoothness of F(-,

3. Proof of main result for ARDD method

We divide the proof of Theorem 1 into two large steps. First,
to simplify the derivations, we prove this theorem assuming two
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additional inequalities which connect noisy stochastic approxima-
tion of the gradient (12) with the true gradient and function val-
ues. This result is stated as Lemma 2. Then, in Lemma 3, we show
that our approximation of the gradient (12) indeed satisfies these
two inequalities.

Lemma 2. Let {xy, Yk, i}, k>0 be generated by ARDD method. As-
sume that there exist numbers §; >0, 6, >0 such that, for all k>0

E[(V™f (1), 2 — %)) = %E[<Vf(xk+l)s 2z — %) | =81 E[ 1z — x.1]
(24)
and

E[9™ f (e )112] < 96onLa (ELF (1)) — ELF Gee)]) + 8. (25)

where expectation is taken w.r.t. all randomness and x* is a solution
to (1). Then

12n/20
N 01+ 24p 502+ 12,0 o 81,
(26)

where ©®, = V[zy](x*) is defined by the chosen proximal setup and
the expectation is taken w.r.t. all randomness.

E[f(yn)] - f(x*) < 384@)1%;;2an2 N

This result is proved below in Section 3.1.

Lemma 3. Let {xy, ¥y, zx}, k>0 be generated by ARDD method. Then
(24) and (25) hold with

/A 2A
81 = U 27
"o T o 27
and

960, o2
8y = n”.ﬁ+61pnA§ +976,0nA%. (28)

This result is proved below in Section 3.2.
Proof of Theorem 1. Combining Lemmas 2 and 3, we obtain
(13). O
3.1. Proof Lemma 2

The following lemma estimates the progress in step 8 of ARDD
method (and in step 5 of RDD method), which is a Mirror Descent
step.

Lemma 4. Assume that z, = argmin {om<§mf(x), v—2z)+V[zlw)}.

veRN

Then, for any fixed u € R",

$m < & T o 2
anE[(V"f(x), z—u)] < ——E[IV"f )]

+E[VIz](w)] - E[V[z: ](W)], (29)
where expectation is taken w.r.t. all randomness.
Proof. For all u € R", we have
om(%’"f(x), Z—u)= om(%’"f(x), zZ—2z.)+ an(%mf(x), Zy —u)
an(Vmf(x), z—z,) + (- VV[z](z.). 2, — u)
an(V"f(x), z—z.) +Vizl(u) - Viz, )W) - V[z](z)
(ant¥ms 0. 2-20) ~ Sl -2.13)

2pn2
~Viz )@ < IV +Viziw

l® /Ae

Ne

+Viz](u) = Vizi 1w,

(30)

where @ follows from the definition of z,, whence (VV|[z](z;) +
anV™ft(x), u—z,) >0 for all u e R"; @ follows from the "‘magic
identity” Fact 5.3.3 in Ben-Tal and Nemirovski (2015) for the Breg-
man divergence; ® follows from (7); and @ follows from the
Fenchel inequality ¢(s.z) — 3|1z < %HSH?I. Taking full expecta-
tion we get (29). O

Now we prove the following lemma which estimates the one-
iteration progress of the whole algorithm.

Lemma 5. Let {xy, Vi, Zy, Q, Ty}, k>0 be generated by ARDD
method. Then, under assumptions of Lemma 2,

48n2/0nL2a)3+1E[f(.Vk+1 )] - (481’12,0,11,20513“ — Ok YE[f (V)]

- E[V[Zk](x* ] + E[V[Z,H] ](X*)] - ak+1 (Sﬂl]E[ ”Zk — X ||P]
a2
k“ 52 o f (X)), (31)

where expectatzon is taken w.r.t. all randomness, x* is a solution to

(1).
Proof. Combining (24)-(29), we obtain
1 B[V f (Xie1). 2 — X,)] < 480202 puLy (B[ f (X 1)] — E[f(.VkH)])

+ E[Vzk (X*)] - E[V[Zk-H ](X*)] + (xk+181nE[ ”Zk — Xy ”p] + k+1 82
(32)
Further,
Apey1 (E[f Xi1)] = F(%)) < e BV F Kies1)s Xer — X4)]
= o B[V f Xir1)s Xe1 — 2 1+ o B[V f (Xii1), 21 — x.)]

& Q=% (G (1) y— Xeor)] + Gt BV F ). 2 — )]

Tk
2 %(EU@U] = E[f (s )]) + e BV f (Res1) . 2 = X4)]
(32) (1 -
< CE% (517930 - B 1)) + 480 puLa B )]

_E[f(ykﬂ )]) + ]E[Vlk (X*)] - ]E[V[Zk+1 ](X*)] + i1 5111]E[ ”Zk — Xy ”17]

n?
LSZ \:(480[,3+1n2)0n]~2 — Ok )]E[f(yk)]
— 480} 1% puLo Bl f ies1)] + e BLf ()] + B[V, (x.) |

= E[V[211(x)] + i1 61nE[ [| 2 — X[ p] +

2 2
O[k+ln E)
2 7

Here @ is since X1 :=TZx+ (1 —T)Yk < TpeXpey1 —2) = (1 -

7)) Vi — Xiy1), @ follows from the convexity of f and the inequality
. . _ ‘l .

1-1,>0and @ is since 7, = Bag 2y Rearranging the terms,

we obtain the statement of the lemma. O

We are now ready to finish the proof of Lemma 2.

Proof of Lemma 3. Note that 48n?pnlyaf, | — pyq + m -
48n2an2a,f. That is,
1 (k+2)?
48n% pylyol, | — =
W Pnialicr = et + J9509 5 1 = 19202 ol
k+2 1 kP +ak+4-2k-44+1
96m2pal, | 19212paly 19212 p,L;
(k+1)2 5 5
=) 4 La?.
102m2p,L, — 181 pulack

Telescoping (31) for k=0,1,2,...,1—1 for <N we have?

480 Lo B £ (7)) + Z Tom s B0l

3 Note that oy = %JW = m and therefore 48n?pyloa? — o = 0.
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-1 (N+D(N+2)2N+3) " — (N+1)2(N+1)3(N+1) (Nz+1)3 .. Di-
~Vizol(x) + EIV[21] ()] — &1 Y ot Bl llu = 2l g o) ~ )
k=0 viding (40) by 19(2;;/)) i and substituting ¢q, ¢, from (34), we
-1 , -1 obtain
- & gakﬂ < gakﬂf(u)v (33) ELF )] — Fix') < 384@n2an2 12260 - (N + 1);2
- - N b (N+ 1)2 (N+1)2°' " 24n2p,L,
where we denoted 4
é‘] = (Sﬂ'l, §2 = 782 (34) 12n2an2(N+ ])2
3840n2 p,L 12nv/20 N N2
We define ©:=V[zp](x*), Ry := E[||x* — z||p]. Also, from (7), we < N2 PnZ2 + N2 81+ 2L 8y + 2oL 82
5 2 2
have that {aqRg < 45@22 To simplify the notation, we de- . n n
. -1 V20¢ N ((F5))
fine B := {3 gaf  +©+ T2t Since Y hh ki1 = 192(11;an2

and, for alli=1,...,N, fly;) <flx*), we obtain from (33)

(1+1)? o A+3)1 -1
1022y, T UV < F (X )<192n2an2 - 192n2,0nL2)
-1

+B —E[V[z](x)]+ &1 ) 1R
k=1

0< etV @001 S0 < B~ EIVEz106)
+ & lil:akHRIw (35)
which g’:;s
E[V[z](x)] < B + & If:akHRk. (36)
Moreover, .
%(E[uz, o) < Bz~ 23] < EVIz]00)
2B 1o lzla,mRk, (37)
whence, :
R <V2- /B,+§1:§1ak+1Rk. (38)

V207 _ 2 _
BszpLy O = 52% b=

Applying Lemma 12 for ag = §2Oéf +0O+

¢y fork=1,...,N—1, we obtain

1-1 2
BI+C1;aI<+1Rk<(f+f§1 96”2anz>’ =1,...,N
=1
(39)

Since V[z](x*)>0, by inequality (35) for | = N and the definition of
B;, we have

2
(N+1)2 . N2
—- - <
T9an2 o, L O] = fx) < VBN + V28 - o,
o 2 N* < 2
<2By +4¢E - A 20 ga,m +20
V20 N4
4200 4t —
24n2 p,L, (96n2p,L;)2
@ 3 4
204 V200 25(N+1) N C%.Ni (40)
24n2p,L, ' (96n2p,L)? (96n2pyL,)2

where @ is due to the fact that Va beR (a+b)?< 2a2 +2b?

and @ is because Zk o 2 ZN“ k2 <

%1 = oo < @I

3.2. Proof Lemma 3

We start with the following technical result which connects
our noisy approximation (12) of the stochastic gradient with the
stochastic gradient itself and also with Vf.

Lemma 6. For all x,s € R", we have

~ 5 m
Eell VT F (0112 < 22 |1g™ (x, En) |13 + 2 Y £ (%, &)? + 160, A
i=1

(41)
Eel| V™ f(x)]I3 >

Sl EDIE— 5 Y C(x 8)2 - 847, (42)
i=1

2Ay|Isllp
—
(43)

(g (x En).5) — ol Dc(x &)l -

S=

Ee(V™f(x),s) >

Bl (V0. e)e ~ I 003 < 2V F(0) — g 0x. £

l m
+ E;;(x, £)% +16A2, (44)
where g (x.&m) == & Y 8. &). C(x. &)
(3).

Proof. First of all, we rewrite vm f(x) as follows

and Ay are defined in

Vmf(x) = <(g’"(x, Em).€) + % Y Ox& e))e,
i=1

where

O(x,&.e) =¢(x, &) +n(x &, e),

By (3), we have

10(x.5i.e)] <18 (x.5)] + Ay (45)
Proof of (41).

i=1,...,m

Ee[[ V" f(x)[2 = Ee

- m 2
((g'”(x, Em). €) + % Y 0kx&, e)>eH
i=1 q
2
) -
S2E (8" (x En), edel? + 2E,

1 m
— 2129(x, &, e)e
i=

12,0,,

g™ (x, En) 3 + 221 Z (1200 &)1+ A,)

i=1
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]an

g™ (% En) I3 + 22 3" ¢ (.82 + 16002, (46)
i=1

where @ holds since [x+yl|2 < 2([x[|2 +2ly||3. Vx.y e R"; @ fol-
lows from inequalities (10),(11), (45) and the fact that, for any
ay,0y, ..., am > 0, it holds that (X1, a,-)2 <my [, a?

Proof of (42).

Eel| V™ f(x)]13 = Ee

- m 2
((gm(x, En.e)+ > 006 e))eH2

2 JEl(g" B edell3 — 13 (128D + Ay

i=1
2 g Bl - Y r gy - 8A2 (47)
Z o5 smlllz — 5 < > Si 7

where @ follows from (45) and inequality [x+yl|3 > 1lIx||3 -

||y||%,Vx,yeR"; @ follows from eeS,(1) and Lemma B.10 in
Bogolubsky et al. (2016), stating that, for any s e R", E(s,e)2 =
1
allsl3.

Proof of (43).

Ee(V7 (), 5) = Ee((7 (% &), €)e, ) + Ee ze(x &.e)(e.s)

i=1

2T E).5) — 3 (16 )+ Ay )Eel e 5]
i=1
2 g0 - ol Zw( e - 22l ag)

where @ follows from E.[n(g, e)e] =g, Vg R" and (45); @ fol-
lows from Lemma B.10 in Bogolubsky et al. (2016), since E|(s, e)| <

VE(s,e)2, and the fact that ||x||, <||x||, for p<2.
Proof of (44).

Eel[(Vf(x), e)e — V™ f(x) |13

= B[ (VS(0. e)e — (g"(x En). e)e — > 0x e
i=1

2

® - 2
2B (VF(x) — g7 (x. &), e [ + 2B

%;9(& &.e)e

®
<

IVfx) —g™(x &m) 13 +

SN

LS ceareieaz, o)
i=1

where @ holds since [[x+y||3 < 2||x||2+2||y||2,‘v’x y e R"; @ fol-
lows from eeS,(1) and Lemma B.10 in Bogolubsky et al. (2016),
and (45). O

We continue by proving the following lemma which estimates
the progress in step 7 of ARDD, which is a gradient step.

Lemma 7. Assume that y = x — ;E%mf(x)' Then,
g™ (x. Em) 13 < 8nLy(F(X) — Eef () + 8l VF(x) — g™ (x. &m) |13
5n &
+ = ;;(x, £)% +80nAZ, (50)

where g (x, &y) is defined in Lemma 6, (x, &;) and Ay are defined
in (3).

Proof. Since V™ f(x) is collinear to e, we have that, for some y €
R, y —x = ye. Then, since |e||; =1,

(VIx),y—x) =(Vfx).e)y = (Vf(x).e){e.y —x)
= <(Vf(x)? €>e, y _X>'
From this and L,-smoothness of f we obtain
F) < F0) + (V0. e, y —x) + 21y~
<FE+(VMFR), y = x) + Lally = xI13
FUVS) ebe— T F(), y —x) — 2[ly 11

< F@) + (T, y =)+ Llly - 13
+ o IV £, ee — V7 FG0) 2,
2

where @ follows form the Fenchel inequality (s,z) — %||z||% <
ﬁllsll%. Using y = x — TV'"f(x) we get

IV FEI3 < F0) = FO) + 2 [{VF(x). e)e — V™ F()]13
Taking the expectation in e and applying (42), (44), we obtain

1 (1 - 1 &
aL, <2n||8m(x Em)l3 — m ;{(X, £)% — SA%)
—EeIIV’"f(X)IIz

SF) —Eef() + 5 Ee||<Vf(X) e)e — V™ F(x)13

<f00) ~Eef ) + 2%2 (i IV — g™ (e Em) 13

+% Y &)+ 16A$,>,

i=1
Rearranging the terms, we obtain the statement of the lemma. O
We are now ready to finish the proof of Lemma 3.

Proof of Lemma 3. Taking the expectation w.r.t. all randomness*
of (43) and using inequality

E[1 (. )11 < v/EIE 0 8] < /Ay,
VA 24y

we obtain inequality (24) with §; = o T Combining
(41) and (50), taking the full expectation and using E[||V f(x) —
gm(x,§)||%] < % which follows from (2), we obtain (25) with
8, =2 . o2 L 61pyA, +976pnA2. O

4. Proof of main result for RDD method

As in the previous section, we divide the proof of
Theorem 2 into large steps. First, to simplify the derivations,
we prove this theorem assuming two additional inequalities
which connect or noisy stochastic approximation of the gradient
(12) with the true gradient and function values. Then we show
that our approximation of the gradient (12) indeed satisfies these
two inequalities.

Lemma 8. Let {xi, Vi, z¢}, k>0 be generated by RDD method. As-
sume that there exist numbers 81 >0, §, >0 such that, for all k>0

4 Note that we use s = z; — x, which does not depend on &;,&, ..., &n from the
(k+1)-th iterate and it does not depend on e ;. Therefore we can use tower
property of mathematical expectation and take firstly conditional expectation w.r.t.
., ,&m and after that take full expectation.
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E[<§mf(xk)sxk _X*)] > %E[(Vf(xk)? Xk _X*)] - 81E[||Xk _X*“P]

(51)
~ 48 0,L
B[V F (0 12] < 2222 B (001 - F(x)) + 62, (52)
where expectation is taken w.r.t. all randomness and x- is a solution

to (1). Then
) 384n0,L,0 n
BLFG0) = fx) < =022 4 s,
n

4 SV20p N g (53)
N T T 3L

where ©, = V[zy](x*) is defined by the chosen proximal setup and
the expectation is taken w.r.t. all randomness.

This result is proved below in Section 4.1.

Lemma 9. Let {xy, Yy, zx}, k>0 be generated by RDD method. Then
(51) and (52) hold with

VAr 2A
5 =Yt 2o 54
1 2ﬁ+ N (54)
and

24p, o2
8 = n"~ﬁ+pnA§+16pHA%. (55)

This result is proved below in Section 4.2.

Proof of Theorem 2. Combining Lemmas 8 and 9, we obtain
(14). O

4.1. Proof Lemma 8

Combining (29), (51
QE[(V (X)), X — x.)]

) and (52) we get

< 240°npnly (E[f (x,)]
a?n?
TSZ

—f(x)) + adnE[||x, — X.[lp] +

+ E[V[x] ()] = E[V[Xpe1] (X1,
whence due to convexity of f we have
(a — 240’npuly) (E[f(%)] = f(x.)) <

a

7

ad nE[|1x, — Xl p]

22
5 82 + E[V[x](x.)] = E[V[X1q ] ()], (56)
because o = 48n})nL2. Summing (56) for k=0,...,1 -1, where [<N
we get
Na .
0< T(E[f(iz)]—f(x*))é 52+0551HZE[”XI<_X*” ]
k=
+ V[xo](x.) —E[V[x](x")], (57)
~——
O
where x, Zxk From the previous inequality we get
k 0
1 2 1 )
i(EIIIXz = x|pD" < flE[Ile = x|15] < E[VIxi](x.)]
-1
<O +1- s, avin Y Bl — x.l) (58)

k=0

whence VI <N we obtain

-1

E[[l% = x.llp] < f\/®p+l 82+a81nZE[IIXk—x*II ]

k=0
(59)
Denote Ry = E[||x* — x| p] for k = , N. Applying Lemma 13 for
ag = @p +a81nE[|Ix0 —X*”p] @p +om,/2® 81, a = 752, b=

,N—1 we have for | =N
5 ELf ()] - f(X*);
< (\/®p +N- 298 +an, /20,8, + ﬁnzS]aN)
$20, + Nan28, + 20in,/20,8, + An2620 N2,
whence

S 384np,L, ® 8n./20
ELF ()] — f() < 2200 4 on g, o 0205, | a2

né, for k=1,.

_ 1
because a = o

4.2. Proof Lemma 9

Taking mathematical expectation w.r.t. all randomness from the
(43) we obtain® inequality (51 ) with 8 = Yo 4 28

2/n T Un
E[12 (x. &)1 < VEIIE . 6D < F Combining (41) and
g™ (%, E) 13 < 20VFX)IIZ + 2]V f(x) — g™ (X, Em)|I3

<ALy (B[f(X)] - f(x.
R 2
< E[|Vf(x) —g"(x En) 3] < <

and taking full mathematical expectation we obtain (52) with §, =
2o oL 4 pyAp +16pn A2,

n

because

5. Proofs for strongly convex problems

5.1. Accelerated algorithm

Lemma 10. Assume that we start ARDD Algorithm 1 from a random
point Xq such that Ex,||x* — Xo||2 < RZ, use the function R% d(%)

as the prox-function and run ARDD for Ny iterations. Then

aLszﬁp bGzNO
E - fr< =2 = A,
[fOn)] - f N2 mL, +
where a = 384n2p,, b=4, A= 2173 Ap+ 122N° A+
12,/2nR2Q 2 2
phep (A N; /A
— (T‘V + ZAn) + Tty (T{ + ZA,,) and the ex-

pectation is taken with respect to all the randomness.

Proof. Note that R3 d(%) is strongly convex with constant

1 wrt ||-||p. Since 0=argmind(x), we have, for the prox-

function d_(x)zR% d(%) and corresponding Bregman diver-

gence V[xo](x),

2

N - - - - RZQ),
Op=Vixol(x:) = d(x.) —d(x0) — (Vd(x0). X: = Xo) =d(x.) < —5—.

5 Note that we use s =x; —x, which does not depend on &.,&,..., &n from
the (k+ 1)th iterate and it does not depend on e, ;. Therefore we can use tower
property of mathematical expectation and take firstly conditional expectation w.r.t.
., &, and after that take full expectation.

Please cite this article as: P. Dvurechensky, E. Gorbunov and A. Gasnikov, An accelerated directional derivative method for smooth
stochastic convex optimization, European Journal of Operational Research, https://doi.org/10.1016/j.ejor.2020.08.027



https://doi.org/10.1016/j.ejor.2020.08.027

JID: EOR

[m5G;September 4, 2020;11:53]

12 P. Dvurechensky, E. Gorbunov and A. Gasnikov/European Journal of Operational Research xxx (Xxxx) Xxx

Applying Theorem 1 an taking additional expectation w.r.t to xg,
we finish the proof of the lemma. O

Proof of Theorem 3. We prove by induction that

4A

Ellue — x5 < R = R327* + —(1-27%). (60)
Hp

For k=0, this inequality obviously holds. Let us assume that

it holds for some k>0 and prove the induction step. Applying

Lemma 10 at the step k of Algorithm 3, we obtain that

aLZRﬁ Qp bO' NO

+ A.
N3 mL,

Ef(Uepr) = fF=Ef(yn) = f* <

By definition of Ny, we have

aLzRi Qp

aLR2Q, R
N2 - '

8al,Q, ~ 8
Hp

By definition of m;, we have
8bo 2Ny 8bo 2N,

SbUZNO
k = 25k & =
L pR22 Lsz(R%Z"‘ T+ (1- 24))

L2 /.,l,pRi

and

bO'2N0

bo 2N0 MpRi
kaz '

L 8b0’2N0 8
sz,pR2

Hence,

Ef (1) — f* <

“""+A B (Raa- 1 22 (1 - %)
4 Hp

2
LA = Hp (RZZ (k+1) + 4A( 2(k+1))> — 'uPRkH'
2 Up 2

Since f is strongly convex, we have

Elluger — X112 < - (Ef(ur) — ) < R, .
Kp
This finishes the induction step and, as a byproduct, we obtain in-
equality (18).
It remains to estimate the complexity. To make the right
hand side of (18) smaller than & it is sufficient to choose K =

{log s "—I To estimate the total number of oracle calls, we

write
K-1
8bo2Ng2¥
Number of calls = Y Nomy < Z No( 002>
k=0 LoppR;
< KNo 4 8ba2Ngz'<
< 0 e ——
Lzl/LpRIz,

2 2
- [8aL, 2 log, HpRy N 8b<722 8al,2p  MpRj
Hp 3 LyppRy  Mp £

64abo?Q2,

R2
Sangp 10g2 :u“P D T
V Uy & MUp€
~ R nig2
— 6 max {ni+i (2% log, Hofp nio 2 ;
Hp € Kp€

where we used that a=384n2p,, b:% and p, is given in

Lemma 1. O

N

5.2. Non-accelerated algorithm

Lemma 11. Assume that we start RDD Algorithm 2 from a random
point Xq such that Ex, ||x* — Xo||2 < R2, use the function R% d(%)

as the prox-function and run RDD for Ny iterations. Then

alR3Q2)p  bo?
E - frg—2F A
o)l =< —x —+ 5L 4
8,/2nR3Qp
where a=192np,, b=2, A= WAC + 3L A%JFT
(V +2A,,> + 3L2pn (—‘/2AT +2An) and the expectation is

taken with respect to all the randomness.

Proof. Note that R2 d( 2
P

1 wrt |-|[p. Since 0=argmind(x), we have, for the prox-

is strongly convex with constant

function d_(x):Rf, d("E;‘O) and corresponding Bregman diver-

gence V[xo](x),

_ S ! R,
Op = Vlxol(x.)=d(x.) — d(x0) — (Vd(x0). x. —x0) = d(x.) = 5.

Applying Theorem 2 an taking additional expectation w.r.t to X,
we finish the proof of the lemma. O

Proof of Theorem 4. We prove by induction that

Ellug —x*||2 <R = R227* +2A( -27. (61)
p

For k=0, this inequality obviously holds. Let us assume that
it holds for some k>0 and prove the induction step. Applying
Lemma 11 at the step k of Algorithm 4, we obtain that

aLzRpr b0’2

E _f*—FE _ fx < D
flt) = ' =Ef ) = f* < =RET 4 0

By definition of Ny, we have

al,R2%2, _ alREQy u,pRi.

No = o8dLQ, T 0§
Hp

By definition of my, we have
> 8bo? 8bo? 8ho2
k = 29—k © = 5
LyppRy2 Lopp (R%’Z_k + % (1 - Z_k)) fattof

+ A.

and
2
bo? - bo?  ppRE
myLy = L, 8bo? - 8
k 2 LR
Hence,

Ef(ukﬂ) - .f*

'“Pk _ Mooy, 4A i
+A—4(Rp2 +M—p(1—2<)

ra =t (Rt 4 2R (1 5y
2 iz
p
_ MPR%H
5
Since f is strongly convex, we have

2
< (EBf () = ) <Ry
Hp

This finishes the induction step and, as a byproduct, we obtain in-
equality (21).

It remains to estimate the complexity. To make the right
hand side of (21) smaller than & it is sufficient to choose K =

Elluyr — x*II3
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Nesterov's function, n = 100, L = 10
—— ARDD_E
101 ARDD_NE
—<- RDD_E
-@- RDD_NE
~~ 103 —A— RSGF
X|x
Ly
11103
|
R RS
=107
10~°
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Nesterov's function, n = 1000, L = 10

—— ARDD_E
10-1 ARDD_NE
—<- RDD_E
-@- RDD_NE
P RSGF
< |~ 1073 -
Rad e
Ly
11
g ;510—5
=g kg
1077
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Number of oracle calls

Nesterov's function, n = 5000, L = 10

10°

1072

f(xe) = f(x")
f(xo) — f(x™)

—— ARDD_E
ARDD_NE
< RDD_E
-@- RDD_NE
—A— RSGF

0.0 0.2

0.4
Number of oracle calls

0.6 0.8

Fig. 1. ARDD, RDD and RSGF applied to minimize Nesterov's function (62). We use _E and _NE to define ¢, and ¢; proximal setups respectively (see (8) and (9) for the

details). In the plot for n = 5000 number of oracle calls is divided by 107.

2
lrlogz “”TR”—‘. To estimate the total number of oracle calls, we
write
K-1 K-1
8bo 22k
Number of calls= ) Nom < ) No| 1
Z oMMy Z 0( +L2MpR2>
k=0 k=0 p
2N 2K
< KNp 4 320 o2
Lz/,LpRp
_ 8ab®y WpR2  8bo?  8al, 2, MpR:
Somp e LRy pp &
R? 2
< 8al, 2, log, HpKRp . 64abo“2)
Mp & MHp€
2 2 2
— 5 max | 1" L2%% log, 'upR”, nioty :
Hp € HpE

where we used that a=192np,, b=2 and p, is given in
Lemma 1. O

6. Numerical experiments

In this section we numerically test our methods on the “worst
in the world” function from Nesterov (2004) and least squares
problem. In these problems there is no noise of type n(x, &, e)
from (3) since one can compute directional derivatives with ma-
chine precision. Moreover, for both examples one can compute ex-
act functional values, therefore, using small enough smoothing pa-
rameter t (see (23)) it is possible to approximate directional deriva-
tives via finite differences with high enough accuracy. That is, for

the problems we consider in this section the difference between
directional derivative oracle and derivative-free oracle is negligible
to influence the behaviour of our methods. Taking it into account
we consider only derivative-free oracle in the experiments and
compare our methods with RSGF from Ghadimi and Lan (2013).

6.1. Nesterov’s function

We start with numerical tests on Nesterov’'s function

L = L
fo =g+ —x)® +x ) = 2x (62)
i=0

which is convex, L-smooth and attains its minimal value f* =
E(-1+ L) at such x* = (x},....x;)7 that xf =1- L for i=
1,...,n Nesterov (2004). We take the starting point xy such that
all coordinates expect the first one coincides with corresponding
coordinates of x* and we take 10 as the first coordinate of xy. We
also choose L = 10, t = 10~ and consider n = 100, 1000, 5000. The
results can be found in Fig. 1.

In these settings ||xo — x*||1 = ||xo — x*||2 and our theory estab-
lishes (see Tables 1 and 2) better complexity bounds for the case
when p =1 then for the Euclidean case especially for big n. The
experiments confirm this claim: as one can see in Fig. 1, the choice
of ¢; proximal setup becomes more beneficial than standard Eu-
clidean setup for n = 1000 and n = 5000 to reach good enough
accuracy. Indeed, our choice of the starting point and L implies
that f(xg) — f(x*) ~200 and for n=1000 and n =5000 ARDD
with ¢; proximal setup (ARDD_NE in Fig. 1) make f(xy) — f(x*)
of order 10-3 — 10> faster than ARDD with p=2 (ARDD_E in
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Least squares problem, r = 300, n = 400

—— ARDD_E
1071 ARDD_NE
—<- RDD_E
10-3 -@- RDD_NE
P e —A— RSGF
x| X -5
== 10
(N
<|3s 1077
X
s -9
10
1071

0.0 0.2 0.4 0.6 0.8 1.0
Number of oracle calls

Fig. 2. ARDD, RDD and RSGF applied to solve least squares problem (63). We use
_E and _NE to define ¢, and ¢; proximal setups respectively (see (8) and (9) for
the details). For all methods batch size m equals 50. By oracle call we mean one
computation of functional value of a summand. Number of oracle calls is divided
by 108,

Fig. 1) and RDD with p =1 (RDD_NE in Fig. 1) finds such xN that
f(xN) — f(x*) is of order 103 faster than its Euclidean counterpart
(RDD_E in Fig. 1). Finally, all of our methods outperform RSGF on
the considered problem.

To perform mirror descent step for p = 1 we apply relations ob-
tained in Appendix B from Gorbunov et al. (2018). See other details
connected with parameters tuning in Appendix C of this work.

6.2. Least squares problem

In this section we consider least squares problem:
mind f00 = Liax bz = 15" Lax — by (63)
min 1 f00 = gpIAx=blls =5 D 5 (A= b" .

Here A is rxn real matrix, be R" and A; denotes the ith row
of A. Clearly, fix) is convex and smooth function. Moreover,
each summand f;(x) = %(A,-x —b;)? is also convex and L, ;-smooth
function with L;; = ||A,~||§. One can consider (63) as (1) with
F(x,86)=f:(x) = %(Agx - bg)2 where & is uniformly distributed on
{1,2,..., r}. Then, by definition of L, we have

15~ 12 JALE
P LAl =T (64)

where ||A||r denotes Frobenius norm of matrix A.

In our preliminary experiments elements of A and b were sam-
pled independently from the standard normal distribution and
then matrix A was normalized by its ¢,-norm. In particular, we
choose r =300 and n =400 which implies that f{x) is just con-
vex but not strongly convex and f(x*) = 0. Moreover, we compute
the solution x* as A*b where A" denotes Moore-Penrose inverse
of A and choose the starting point xy as x* and 100 to the first
component. In our tests the suboptimality of the starting point, i.e.
f(xo) — f(x*), was approximately 3. The results can be found in
Fig. 2. We want to notice that in these preliminary experiments
with stochasticity in functional values in experiments with ARDD
it was needed to tune not only o ; that appears in the mirror
descent step, but also the stepsize for the gradient step, see the
details in Appendix C.

7. Conclusion

In this paper we propose four novel directional derivative meth-
ods for smooth stochastic convex and strongly convex optimization

with corollaries for derivative-free optimization. These methods are
able to work with Euclidean and non-Euclidean proximal setups.
We prove complexity results showing that in non-Euclidean case
complexities of our methods outperform state-of-the-art results
for directional derivative and derivative-free methods in terms of
the dependence on the dimension of the problem under assump-
tion that ¢; and ¢; norms of xg — x* are close to each other, e.g.
when xg =0 and x* is sparse. Moreover, we analyze our meth-
ods under general assumptions on the noisy oracle and provide
bounds for the admissible noise levels. Since we use mini-batches,
we are able to separate iteration complexity and sample complex-
ity, the former being up to a dimension-dependent factor the same
as for accelerated gradient method in the standard deterministic
full-gradient setting. This makes our methods amenable to paral-
lel computation setting Dvurechensky, Gasnikov, and Lagunovskaya
(2018b) and leads to acceleration in this setting compared to stan-
dard stochastic gradient methods Duchi et al. (2015). Finally, we
conduct several experiments providing numerical justifications of
the obtained results.

Using an  additional  “light-tail”  assumption  that
Ee[exp(/lgx. &) — Vf(x)|3/02)] <exp(1) and techniques of
Gorbunov, Dvinskikh, and Gasnikov (2019) our algorithms and
analysis can be extended to obtain results in terms of probability
of large deviations. For example, in the case of controlled noise
levels A, A, this means that an algorithm outputs a point b4
which satisfies P{f(X) — f(x*) <&} >1-4, where §¢(0, 1) is
the confidence level, for the price of extra lné factor in N and
m. As directions of future research we would like to point a
primal-dual extension for problems with linear constraints in
the spirit of (Dvurechensky et al, 2016; Chernov, Dvurechensky,
and Gasnikov, 2016; Anikin, Gasnikov, Dvurechensky, Tyurin, and
Chernov, 2017; Bayandina, Dvurechensky, Gasnikov, Stonyakin,
and Titov, 2018a; Dvurechensky, Dvinskikh, Gasnikov, Uribe, and
Nedi¢, 2018a; Dvinskikh, Gorbunov, Gasnikov, Dvurechensky, and
Uribe, 2019; Nesterov, Gasnikov, Guminov, and Dvurechensky,
2020), an extension with line-search to adapt to an unknown
value of L, using the techniques in (Cartis and Scheinberg, 2018;
Berahas, Cao, and Scheinberg, 2019c; Dvinskikh, Ogaltsov, Gas-
nikov, Dvurechensky, and Spokoiny, 2020), an extension for the
case of intermediate smoothness (Kamzolov, Dvurechensky, and
Gasnikov, 2020; Nesterov, 2015) or interpolation between acceler-
ated and non-accelerated methods (Dvurechensky and Gasnikov,
2016; Gasnikov and Dvurechensky, 2016), as well as extension to
a more general type of inexactness called inexact model of the
objective Stonyakin et al. (2020, 2019).
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Appendix A. Proof of Lemma 1
Here we prove that, for e € RS,(1)

E[|le]|2] < min{g - 1, 161nn—8}ni ', (A1)

E[(s, e)?[lel|?] < 6]s||3 min{g — 1,16 Inn — 8}n7 2. (A2)

We start with proving the following inequality which could be
rough for big q:

E[llel?] < (@—Dni™!, 2<q<oo. (A3)
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We have

Efflell3] =E[<’i] Iek|q> q] < (E[Z IequD 2 (nEf|ea] 7))
= k=1

(A4)

where @ is due to probabilistic version of Jensen's inequality

(function @(x) :x% is concave, because g>2) and ® is because
mathematical expectation is linear and components of vector e are
identically distributed.

Moreover, due to Poincare lemma, we have

&

where & is Gaussian random vector which mathematical expecta-
tion is zero vector and covariance matrix is identical. Then

E[Iezlq]=E[|&|qq}
T
n -4 1
=/§;'/"‘2"’<k§"f) Kol

n
x exp (—; fo)d)q ...dxp.
=1

Consider spherical coordinates:

e=d (A.5)

X1 =rcos@sinby...sin6,_,,
Xy =rsingsind; ...sin6,_,,
X3 =rcos6;sind,...sinb,_»,
X4 =rcosbysinfs...sinb,_»,

Xn =1Ccosb,_y,
r>0,¢0€[0,2m), 6,0, 7], i=1,n-2.
The Jacobian of mapping is

(X1, ....Xn)
det
(8(1’,(/),91,92, A..,Qn,z)

Then mathematical expectation E[|e;|9] could be rewritten in the
following form:

E[[e2[]

_ n—1| i q| qj q+1] o3 q+2
_/ /r>0,<pe[0,27r), ' sing|]sin 6|7 | sinfy |94 . ..
6;€[0,7],i=1,n-2

) =r"1sin#; (sin6,)? ... (sinf,_5)" 2.

2

i q+n-2 ez d d
x sin6,_,| @)t r...d0,_
1
:(277:7)%1,"1@'191‘192‘...'19"72,
where

+00 2
I =/ rm-le=zdr,
0
2 T
Iy :/ |singp|idy = 2/ | sing|ide,
0 0
T . S —
A :/ |sin6:[*d6;, i = T.n=2.
0
Now we are going to compute these integrals. Start with I;:

+00 2 +00 n n n
Ir:/ r"“e‘?dr:/r:th/:/ (2t)f‘1e‘fdt:2?‘1l“<§).
0 0

To compute other integrals it is useful to consider the following
integral (« > 0):

/ | singp|*de =2/7 |singp|*de

0 0

=2f7(sin2<p)%d<p=/t=sin2g0/
0

b _1 a+1 1
_fo £ (1= t) 2dt_B<—2 ,5)

r(e2\r(l (et
BCOUEIILED

r(«?) ()

From this we obtain

1
E[|€2|q]: 7Ir'1<p‘191 '192 ~...~197

2n)} -
_ 1 (0 F(%)
=G 2T (6) 2
r(%)  —r(%) r(*5-)
) T YT )

= — (A.6)
N ARNCO)
Now, we want to show that Vq>2
(o)t 1\ ¢}
L r@res -yl )
JT T T(Eh) n

At the beginning show that (A.7) holds for ¢ =2 (and arbitrary
n):

L Qe 11 T rd)

NS
N—
=
~
Nl—=
N

v T(EL) n-Jm  50(%)
,1=1,1=0<0.
n n n

Consider the function
f<q>z;r<%>r<%>_<q—1)%
IV A V(=) n

where q>2. Also consider ¥ (x) = 200 with x>0 which is
called (digamma function). For gamma function it holds

F'x+1)=xI'(x), x> 0.

Taking natural logarithm from it and taking derivative w.r.t. x:
InT'(x+1) =InT(x) + Inx,

d(In('(x +1))) _ d(In(I"(x))) 1
dx - dx + X

i

which could be written in digamma-function-notation:
1
Y+ =Y+ .

One can show that digamma function is monotonically increases
when x > 0. To prove this fact we are going to show that

(A.8)

(I'(®)* < T ().
That is,

2 +o00 2
(M'w)” = (/0 et lnt~t"1dt>
) +oo t, x=1 2 Foo o, x=1 2
</ (e’ftT) dt‘/ (e’itTlnt) dt
0 0

(A.9)
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+o00 +o00 )
= / e ftx-1dt. / eft* 1 n” tdt,
0 0

I'(x) I (x)

where @ follows from Cauchy-Schwartz inequality (the equality

. —1
cannot occur because functions e 2t*7 and e~ 7t'7 lnt are lin-
early independent). From (A.9) follows that

@PInre) _ (T'0) _ e (M) w9,
0 T ) " T0 (o)

which shows that digamma function increases.
Now we show that f;(q) decreases on the interval [2, +c0). To
obtain it is sufficient to consider In(f{(q)):

In(fa(q))

=In (i}?) +1In (d%)) ~In (F<q—57n>>

d(In(fa(q)))
dq

- g(ln(q— 1) —Inn),

q+ 1) (M) _1 _ q 1
1ﬁ( 2V o @ =1) = 5 —y+ynn
We are going to show that %";(qm <0 for g=2. Let k=[}]
(the closest integer which is no greater than ). Then v (4%) >
Yk—1+ %) and Inn < In(2k + 1), whence
d(In(fn(q)))
dq

S vl 1Y) -

q 1

“ﬁ;(uq;l)’iﬁu; ()

i=1

q 1 2k+1
2(q—1) q-1
e 2 ot 1 okl
igq—l-i-Zk—Zi qg—-1"2 qg—1

_ 2 2 2 2 L 2k+1
B f(q—l q+1 q+3 7 q+2k—3) 2 q-1
e 1, q+2k-1 +lln 2k+1
= qg-1 2 qg—1

1
2

® 1 2k +1 1 2k +1

<_51n<q—1 )+§1n<q_1)_0,

where ® and ® is because q >2, ® is due to estimation of integral
of% by integral of g(x) = p 1+2: xelg—1+2i,q—1+2i+2],i=

0, 2k — 1 which is no less than f(x):

2 2 2 2

g—1 " g+1 T g33tTqrak—3

q+2k— 11 q+2k—1
>[ —dx=In{ —— |].
q-1 X q,‘l

So, we shown that %’;(qm <0 for g>2 arbitrary natural
number n. Therefore for any fixed number n the function f,(q)
decreases as q increase, which means that f;(q) < fn(2) =0, i.e,
(A.7) holds. From this and (A.4),(A.6) we obtain that Vq>2

(AB)(A.7)
(HEIIEzI"])“ <

1
5In(g-1)

NE

E[|le] 1< (g-ni ", (A10)

However, inequality (A.10) is useless when q is big (with respect
to n). Consider left hand side of (A.10) as function of q and find its
minimum for g > 2. Consider h,(q) =In(qg—1) + (% —1)Inn (it is
logarithm of the right hand side of (A.10)). Derivative of h(q) is

dh(g) 1 _Zlnn 1 _Zlnn
dg g-1 ¢ 'g-1 ¢
=0,¢*>-2glnn+2Inn=0.

If n>8, then the point where the function obtains its minimum

on the set [2, +o00) is g = lnn(l +,/1- —n) (for the case n<7 it

turns out that gy = 2; further without loss of generality we assume

n > 8). Therefore for all g > qq it is more useful to use the following

estimation:

0) 2 1@ 2 4
(Go—1)nw ™ <2Ilnn—1)nma

El|le] 2] < El|le] 2, 1

=QInn- 1)e2H < (16Inn — 8)7 (16lnn—8)ni~', (A11)

where ® is due to |e|lqg < [lellq, for g>qg, @ follows from
Go <2Inn,qy >Inn. Putting estimations (A.10) and (A.11) together
we obtain (A.1).

Now we are going to prove (A.2). Firstly, we want to estimate

VE[ ||e|| . Due to probabilistic Jensen’s inequality (q > 2)
%
E[lle]lg] =E ( Zlequ

( {(”Zleklztz)])ﬁg(an“eleq]);

u\
@A) 4< 2g-1\7
s om ( n ) -

where @ is because (ZL] xk)2 <Y p_q X for x1.%5,.... xn € R
and @ follows from that mathematical expectation is linear and
components of the random vector e are identically distributed.
From this we obtain

(2 —1)*ni 2,

E[lle]]4] < (2q — 1)ni ! (A12)

Consider the right hand side of the inequality (A.12) as a function
of q and find its minimum for g > 2. Consider h,(q) =In(2q—-1) +
= — 1) Inn (logarithm of the right hand side (A.12)). Derivative of

h?q
dh(g) 2 _21r1n 2 _Zlnn
dg ~ 2q-1 ¢ '2q-1 ¢

=0,¢>-2qlnn+Inn=0
If n>3, the point where the function obtains its minimum on the
1=
out that qg = 2; further without loss of generality we assume that
n > 3). Therefore for all ¢ > qg:

eIl 2 Elelld, 1 < (4.12)(2g0 — Dns ™!

set [2,+00) is qg =Inn(1+ (for the case n<2 it turns

@
<(4lnn-Dnwi-1 = (4lnn — 1)92%

< (321nn—8)% < (32Inn-8)ni !, (A13)

where @ is due to |le|lq < |lellq, for g>qp, @ follows from
qo <2Inn, g >Inn. Putting estimations (A.12) and (A.13) together
we get inequality

E[|le][4] < min{2q — 1, 32Inn - 8}ni . (A14)
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Now we are going to find E[(s, e)*], where s € R" is some vec-
tor. Let Sp(r) be a surface area of n-dimensional Euclidean sphere
with radius r and do(e) be unnormalized uniform measure on n-
dimensional Euclidean sphere. From this it follows that S,(r) =

1 Sua() _ no TR
Sp(1)rn-1, S = Avr R
tween s and e. Then

41 _ 1 4
1= 55 L6 @0 @)

17 i
- W/o |Is|13 cos® ¢S, (sinp)de
n

Besides, let ¢ be the angle be-

E[(s, e)

Sp1 (1) [T . n—
=Is||3 ;nl(l) A cos* ¢ sin" 2 pdg
1F(”+2) . ne
=Is]|5- an(”“) cos4(p51n” Zpdp.  (A15)
Compute the integral:
T ps
f cos* ¢ sin" 2 pdy =2f2 cos* ¢ sin" 2 pdy
0 0
=/t=sin2<p/=/7t%(1—t)%dt=3(g,§)
A 2 °2
_ INCINES! _ 3 30T (Y
INE)) 2.0 (%2)
3 JArsh
T2 ar(m2)
From this and (A.15) we obtain
n-1T(2) 3 Jarsh
E[(s, e)*] = ls]I5 - nﬁ[‘(”zﬂ) nra 21”(&22)
2 2
3n-1) T 3lIs13 @ 313 (A16)

= I3 - I +2) ngll"(ﬂz;]):n(n-FZ)\ n2

To prove (A.2), it remains to use (A.14), (A.16) and Cauchy-
Schwartz inequality ((E[XY])? < E[X?]-E[Y?]):

2 22 4 4
E[(s, e)°[lellg] < /El(s, e)*]-E[|le||3]
<V3|Is||min{2q — 1,321nn — 8}ni 2

Appendix B. Technical Results

Lemma 12. Let ag,...,ay_1,b.Ry,...,Ry_1 be non-negative num-

bers such that

-1 -1
R <V2- (Zak—i-bZa,MRk) I=1,....N, (B.1)
k=0 k=1

where a1 = forall ke N. Then forl=1,..., N

96n2p Ly

2
1-1 -1 2
dla+bd iRy < /Zak+fb T (B.2)
k=0 k=1 Pnl2

Proof. For | =1 it is trivial inequality. Assume that (B.2) holds for
some [ <N and prove it for [ + 1. From the induction assumption
and (B.1) we obtain

2
R, < <¢k2:ak+fb 96n2p Lz)

whence

(B.3)

-1 1-1

I I
D@ +bY aRe=) @ +b)Y R+ a+bapR
k=0 k=1 k=0 k=1

2
12
<\/§ +/2b- 96n2,0nL2>
vz VB g
+a;+ v2bay 4 g @+ ~v2b- 9612 p,L,

! =
14
=Y a.+2 a,-~2b
g ‘ g: “ 96n 2an2

2
(96n2 pply)?

2
+ ﬁb()lprl <\/; +/2b- 96112an2>

l 1-1
_ A4
_gak—i-Z Zak [b(96n2p L + 2 )

Lo Lw o
(96n2pnly)? 1 9612 pal,

(1+1)4
(961‘[2 an2)2

@ ! 1 1 2
<Y a+2 Zak fbg((S;p)Lz—i—%z
k=0 n

2
/ (I+1)
( kZak—&-fb 96Tl2,0nL2)

where @ follows from the induction assumption and (B.3), @ is be-

cause Y i @ < Yj_o @ and
I? +am_212+l+2 (1+1)? 4
96n2 p,L; 2 T 192n2p,L, T 96n2p,L," (96n2p,L5)?2

12 - F+(1+2)2 (I+1)*
96n2p,L; — (96n2pnl)? (96102 ppLy)2"

+ Uy

O

Lemma 13. Let ag,...,ay_1,b, Ry, ..., Ry_1 be non-negative num-

bers such that

1-1 -1
R<v2 [[Y ax+bad R I=1.....N (B.4)
k=0 k=1
Then for [=1,...,N
2
-1 1-1 -1
Y ag+bad Re< | /> ap+v2bal ] . (B.5)
k=0 k=1 k=0

Proof. For | =1 it is trivial inequality. Assume that (B.5) holds for
some [ <N and prove it for [ + 1. From the induction assumption
and (B.4) we obtain

-1
R, < \/§< ;Zak+x/§bal),
k=0

whence

I 1 -1 -1
Zak + ba ZRk = Zak + ba ZRk + a; + baR,
k=0 k=1 k=0 k=1

-1 2 -1
( /Zak+fba1) +a,+ﬁba( /Za,<+ﬁba1>
k=0 k=0

(B.6)
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Fig. C.3. Stepsize tuning for ARDD, RDD and RSGF applied to minimize Nesterov's function (62). We use _E and _NE to define ¢, and ¢; proximal setups respectively (see
(8) and (9) for the details). Numbers in labels in upper right corners denote different choices of y that are used.
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Fig. C4. Stepsize tuning for ARDD, RDD and RSGF applied to minimize Nesterov's function (62). We use _E and _NE to define ¢, and ¢; proximal setups respectively (see
(8) and (9) for the details). Number of oracle calls is divided by 107. Numbers in labels in upper right corners denote different choices of y that are used.

Appendix C. Parameters tuning

I -1 -1
=Y @ +2 > - vV2bal + 2% +V2ba | >+ v2bal

. . . k 2
k=0 k=0 k=0 In our analysis it is needed to choose o, 1 = 96"2+TL2 for ARDD
| -1 ] and o = 48"1le' However, one can tune these parameters in order
=Y @q+2 ) g V2ba (l + 5) +2b%a (1 +1) to achieve better convergence rate in practice. In our experiments

_ k+2 _ 1 ;

k=0 k=0 we choose a1 =y - Sy &=V WL, and tune numerical
o ! [ factor y. In Ghadimi and Lan (2013) authors prove convergence re-
<Y a+2 > - V2ba(l+1) + 267 (1 +1)? sults for stepsize® o = ﬁ min { ﬁ, #} where D is some
k=0 k=0 , numerical constant, therefore, in our experiments with RSGD we

! use stepsizes o =y - —— min i —L_ i] where we also tune
Jn+4 4LVn+4’ VN
’X(; a+V2ba(l+1) | numerical factor y.
k=

where @ follows from the induction assumption and (B.6), @ is be-

cause ZL:O a, < ZLO a. O 6 1If o = 0, then one should ignore the second term in the minimum.
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Fig. C.5. Stepsize tuning for ARDD, RDD and RSGF applied to solve least squares problem (63). We use _E and _NE to define ¢, and ¢; proximal setups respectively (see
(8) and (9) for the details). For all methods batch size m equals 50. By oracle call we mean one computation of functional value of a summand. Number of oracle calls is

divided by 108.

Table C.5
The optimal choices of y for ARDD, RDD and RSGF applied to mini-
mize Nesterov's function (62) for different dimension n.

ARDD_E  ARDD_NE RDD_E RDD_NE  RSGF
n =100 32 2000 32 12000 10
n=1000 32 2000 64 3000 4
n=>5000 32 1000 64 3000 10

C.1. Nesterov’s function

One can find our numerical results with tuning stepsizes for
each method in Figs. C.3-CA4.

Our tests with Nesterov’s function show that for this problem
ARDD_E and RDD_ work better with y €[32, 64] and RSGF shows
the best performance with y €[4, 10]. Interestingly, ARDD and
RDD with p =1 require to choose y significantly larger (of order
103 — 10%) than for Euclidean methods in order to get competitive
or even better convergence rate. Moreover, ARDD_E, RDD_E and
RSGF disconverge for y > 64, 200, 20 respectively. So, our empir-
ical observation is as follows: ARDD and RDD with non-Euclidean
proximal setup are able to converge with significantly larger step-
sizes than its Euclidean counterpart.

We summarize best options for y that we use in the experi-
ments presented in Section 6 in Table C.5.

C.2. Least squares problem

In addition to the tuning of y in ARDD we also tried different
options for Ly: instead of L, from (64) we tried S - % with dif-
ferent 8. We tried 8 = 0.001,0.01,0.1,1, 2,5 and 10, but the best
results were obtained for § = 0.01. One can find our numerical re-
sults with tuning y in Fig. C.5.

Besides m = 50 we tried different batch sizes. In general, the
behaviour of the considered methods was similar after proper pa-
rameters tuning.
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